Abstract. This paper is concerned with the existence of solutions for a kind of nonhomogeneous critical p-Kirchhoff type problem driven by an integro-differential operator L p K . In particular, we investigate the equation:
Introduction and main results
In this paper, we study the existence of solutions of the following the fractional p-Kirchhoff type equation involving a critical nonlinearity: non-local p-fractional type operator defined as follows:
|φ(x) − φ(y)| p−2 (φ(x) − φ(y))K(x − y)dy for all x ∈ R n , along any φ ∈ C ∞ 0 (R n ), where B ε (x) denotes the open ball in R n of radius ε > 0 at the centre x ∈ R n and K : R n \{0} → (0, ∞) is a measurable function which satisfies the following properties:
where ζ(x) = min{|x| p , 1};
there exists κ 0 > 0 such that K(x) ≥ κ 0 |x| −(n+ps) for any x ∈ R n \{0}. |v(x) − v(y)| p−2 (v(x) − v(y)) |x − y| n+ps dy for x ∈ R n . For more details about the fractional p-Laplacian, we refer to [6, 7, 12, 21, 25, 26] and the references therein. Moreover, if f (x) = 0, then the problem (1.3) reduces to
In [27] , Zhang et al. obtained infinitely many solutions for the problem (1.4) by using Kajikiya's new version of the symmetric mountain pass lemma. In recent years, fractional and nonlocal problems have received extensive attention, especially involving critical nonlinear terms. For instance, in bounded domains, we refer to [11, 18] ; in the whole space, see [13] . It is worth pointing out that the interest in nonlocal fractional problems is beyond the curiosity of mathematics. Indeed, there is much literature on nonlocal operators and their applications, here we list only a few, see for example [14, 16, 19, 28, 29] and the references therein. For the basic nature of Sobolev spaces, we recommend readers to read the literature [15, 17] .
Recently, in [10] , Fiscella et al. proposed a stationary Kirchhoff variational equation and investigated a model given by the following formulation: 5) where M = a + bt for all t ∈ R + 0 , here a > 0, b ≥ 0. Kirchhoff problems like (1.5) are said to be non-degenerate if a > 0 and b ≥ 0, while it is named degenerate if a = 0 and b > 0. For the two separate cases, we also refer to [3, 20] about non-degenerate Kirchhoff type problems and to [9, 22] about degenerate Kirchhoff type problems for the recent advances in this direction.
For non-homogeneous cases, in [23] Xiang et al. showed the multiplicity of solutions for the nonhomogeneous fractional p-Kirchhoff equations involving concave-convex nonlinearities by using the mountain pass theorem and Ekeland's variational principle. Taking the same approach as in [23] , Chen et al. [4] studied the multiplicity of solutions for a kind of Dirichlet boundary value problem in bounded domain. Furthermore, Pucci et al. in [21] investigated the existence of multiple solutions for the nonhomogeneous fractional p-Laplacian equations of Schrödinger-Kirchhoff type in R n .
Inspired by the above papers, we will study the existence of solutions for nonhomogeneous fractional p -Kirchhoff problems involving critical nonlinearities and weight terms. As far as we know, there are no works on the the problem (1.1). Thus, our conclusions are new on this topic. To this purpose, we first suppose that
At present, the assumptions about Kirchhoff functions M are diverse; we refer the interested reader to [5, 10] and references therein. Here we do not require Kirchhoff functions to satisfy any monotonicity, and our paper covers the degenerate case. Next, concerning the positive weight g : R n → R, we assume that
Before we present the main results, we give some notations. The function space W s,p
is a Banach space which can be endowed with the norm, defined as
. Now we define weak solutions for the problem (1.1):
The main results of this paper are as follows.
Then, there exist µ 0 , τ 0 > 0 such that for any µ ∈ (0, µ 0 ), the problem (1.1) has at least one non-trivial solution with negative energy in W s,p
Theorem 1.3.
Assume that all conditions in Theorem 1.2 are fulfilled. Then, there exist µ 0 , τ 0 > 0 such that for any µ ∈ (0, µ 0 ), the problem (1.1) has at least one non-trivial non-negative solution with negative energy in W s,p K (R n ), provided that f ≥ 0 a.e. in R n and f ξ ≤ τ 0 .
Remark 1.4.
The main novelty of our paper is that we discuss the problem (1.1) containing a critical nonlinearity, which is not considered in previous references, such as [23] . To overcome this difficulty about lack of compactness at critical level L p * s (R n ), we fix parameter µ under a suitable threshold strongly depending on conditions (M 2 ) and (M 3 ).
Finally, we give a simple example to show a direct application of our main results. Example 1.5. Let n > 1 and θ > 1. We consider the following the problem
where a, b are non-negative constants with a + b > 0, g and f satisfy
and
. Thus, they satisfy conditions (Z 1 ) and (Z 2 ). It is clearly that (M 3 ) hold, and for each σ > 0
Therefore, (M 1 ) and (M 2 ) hold. Then, Theorem 1.3 implies that the above problem admits one non-trivial non-negative solutions in W s,p K (R n ). The framework of this paper is as follows. Section 2 introduces the necessary definitions and properties of space W s,p K (R n ). In Section 3, we give the proofs of the main results.
Variational framework
In this section, we first recall the basic variational frameworks and main lemmas for the the problem (1.1). Let L q (R n , g) be the weighted Lebesgue space, endowed with the norm
) is uniformly convex according to Proposition A.6 of [1] . Moreover, it follows from Lemma 2.1 of [3] that the embedding W s,p 
Obviously, from the above expression of S and (1.2), we can get the fractional Sobolev embedding inequality that we know well:
Similar to [24] , we can also get that (W
Clearly, by assumptions (1.2) and (Z 1 )-(Z 2 ), the energy functional I µ : W s,p K (R n ) → R associated with the problem (1.1) is well defined. Obviously, the functional I µ is of class 
Proof of main results
In this section, we prove the main results of this article. For convenience, we use · q to represent the norm of Lebesgue space L q (R n ).
According to the Hölder inequality and (2.3), we have 
It suffices to prove that h(z 0 ) <
M(1)
2p for some z 0 = v s,p > 0. Obverse that h(z) → ∞ as z → 0 + . Then, h has a minimum at z 0 > 0. To obtain z 0 , we get
Let h (z 0 ) = 0, we have
Then, by (3.5) and (3.7), there exist
Thus, the Lemma 3.1 is complete.
Next, we verify the compactness condition. For the convenience of the reader, we give the following definition. Definition 3.2. Let I µ ∈ C 1 (X, R), we say that I µ satisfies the (PS) c condition at the level c ∈ R , if any sequence {v j } ⊂ X such that
possesses a convergent subsequence in X.
hold. Set c < 0. Then, there exists µ 2 such that for any µ ∈ (0, µ 2 ), the functional I µ fulfills (PS) c condition.
Proof. Considering µ 2 > 0 small enough such that
where q < p < pθ < p * s , a 0 comes from (M 3 ), m = m(1) is defined in (M 2 ) with σ = 1, while S is given in (2.2). Set µ ∈ (0, µ 2 ) and suppose that {v j } j be a (PS) c sequence in W s,p K (R n ). Due to the degenerate nature of the equation (1.1), we will discuss it in two cases.
(3.10)
Moreover, it follows from (M 1 ), (3.10) and (2.1) that
Therefore, from (3.8) there exists ζ > 0 and η > 0 such that as 12) with q < p < pθ < p * s . It means that {v j } j is bounded in W s,p K (R n ). Taking into account the above fact and Lemmas 2.1, 2.4 of [3] , there exist v ∈ W s,p K (R n ) and β µ ≥ 0 such that, up to a subsequence still relabeled {v j } j , it follows that
Further, by the above formula and Proposition A.8 of [1] , we have
Discussion similar to Lemma 3.1 in reference [27] , we can easily obtain that v is a critical point of the
By (3.13), we get 
Because we do not know the exact behavior of M, we have to think about both of these scenarios: either 0 < β µ < 1 or β µ ≥ 1. To do this, we separate the certificate the two subcases in the first case. Indeed, this limitation where again the above inequality by (3.9). We get a contradiction which completes for the proof of the fist case. Hence, I µ (v j + tu) − I µ (v j ) t + ε j v s,p ≥ 0.
Passing to the limit as t → 0 + , we get I µ (v j ), u + ε j v s,p ≥ 0 for all u ∈ B 1 .
In the above inequality, replacing u with −u, we have
